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Abstract:
In this research, a model of a robotic manipulator flex-
ible structure and an equation of motion for controller 
design is planned. The structural material chosen for 
the robot structure was a hybrid composite. A compari-
son study was carried out for the aluminium 6082 alloy 
for the flexible manipulator arm application. Vibration 
behavior and control implementation was analyzed by 
adding joint flexibility in the system. Using a simulation 
algorithm, the system parameter calculation is carried 
out through MATLAB software for vibration amplitude, 
transient period, steady-state error, and settling time of 
flexible robotic arm system. In a systematized motion 
equation, flexible robotic deflections are organized via 
the assumed mode (AM) and Lagrange techniques (LT). 
The graph analysis of hybrid composite and AL6082 ma-
terials with high stiffness coefficients is plotted. These 
obtained values from the plot are utilized for Linear Qua-
dratic Regulator (LQR) controller design. The LQR out-
put facts for both aluminium structural robotic arm and 
composite material robotic arms are established. 

Keywords: Composite material, Al6082 alloy, Simulation 
analysis, Vibration amplitude, LQR controller.

Nomenclatures:
EBBT  –  Euler-Bernoulli Beams Theory 
TBT  –  Timoshenko Beam Theory 
AMM  –  Assumed Mode Method 
FEM  –  Finite Element Method 
LPM  –  Lumped Parameter Model
HDPE  –  High Density Polyethylene
MATLAB –  Math’s Laboratory
AL6082 –  Aluminium 6082 alloy 
LE  – Lagrangian Equation
LQR –  Linear Quadratic Regulator Control
FRP – Fiber Reinforced Polymer

1. Introduction 
The structural part of the flexible link element of a ro-
botic manipulator with a flexible joint has the ability 
to reach position accuracy in an obstruction environ-
ment of industrial production or fabrication. The flex-
ible material for the robotic link application is an al-
ternative to giant manipulators: that is, a manipulator 

which has oversize, posture, short range of work en-
velope with low payload lifting capacity is called a gi-
ant manipulator. Such a giant manipulator consumes 
vast energy, requires more task completion time, and 
has a problematic move-in work envelope. To over-
come the issue a flexible material for the robotic link 
manipulator is introduced. It is lightweight, has less 
power absorption, has a quick processing time, fewer 
issues on mass moment inertia, and safe operation for 
the manipulator.      

The main drawbacks encountered in the flexible 
links are residual vibration in the flexible structure. 
Kalyoncu [1] devised a revolving prismatic joint at-
tached to the single-link manipulator with sliding ro-
bot arm movement and payload at the end portion of 
the link, an investigation of which leads to the math-
ematical derivation and the numerical output of a 
lightweight robot link manipulator with the addition 
of rotary-prismatic joint movement action. 

Ahmad et al. [2] presented a single-link manipu-
lator dynamic analysis which includes damping and 
hub inertia. The finite element method was used for 
system performance. Korayem et al. [3] developed 
modeling of a robotic manipulator with one link 
for analyses. The impact of beam length and shear 
deformation is considered using two-beam theories 
such as Euler-Bernoulli Beams Theory (EBBT) and 
Timoshenko Beam Theory (TBT). The above methods 
were established for performance analysis. The EBBT 
yields good results.

Rishi Raj et al. [4] have discussed the importance 
of using a digital prototype over a normal prototype 
for fast-growing industrial automation.  At present, 
the industries are mechanized to meet customer de-
mands and satisfaction. Industrial robots are engaged 
to perform tasks quickly and accurately. To increase 
the production rate, lightweight manipulators with 
composite materials as flexible links are developed. 
The composite material has the advantage of good 
mechanical strength, plenty of design option flexibil-
ity, comfort in the manufacturing process, good cor-
rosion resistance, impact resistance, and outstanding 
fatigue strength. Due to the light weight, the moving 
arms experience very large elastic deformations, and 
stresses are formed in the loading condition of the 
manipulator.

The payload and weight of a robotic manipulator 
ratio for an existing mobile manipulator is starting 
from 1/10th up to 1/30th. The size of a robotic arm 
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with the overweight of the end effector of existing in-
dustrial robots and their lifting capacity are consid-
ered. This ratio is very low when compared to normal 
human workers: that is, the ratio is 1/3 to 1/5 for an 
individual person and sometimes more, depend-
ing upon the working environment.  The increase of 
manipulator weight takes more time to move from 
initial point to final position, and the actuator size is 
also increased. To eliminate the above issue, the first 
thing is to design changes followed by new materials 
for robotic arms. A new type of composite material is 
to be developed and replaced for existing robots as 
per the normal human capacity ratio of 1/3. This is 
achieved through lightweight composite material and 
smart materials for the flexible robotic arm. These 
lightweight material numerical analysis are required 
for the standby of rigid and massive robotic manip-
ulators [5]. A literature survey of dynamic modeling 
of the flexible single arm is discussed and approaches 
are listed, and also categorized as (a) Assumed Mode 
(AM) or Shape Function (SF) technique, (b) Finite El-
ement (FE) analysis, (c) Elements of Lumped Mass 
Models and (d) Other technology studies. A single 
flexible or AM model with distributed parameters 
is included in the review robot modeling work by 
Dwivedy et al., [6-7] and work elaborates the control 
techniques of joint flexible manipulator robots.

From the information and numerical data col-
lected from research existing work, it is clearly un-
derstood that to replace the slow speed robots with 
higher speed robots one must introduce low density, 
high mechanical strength arms with homogeneous 
flexibility. This is a tough task in the field of flexible 
robotic arm modeling and controls the approach to 
composite material flexible joint robotic arms. The 
prime investigation is to compare the steady-state of 
conventional and composite material flexible robotic 
arm behaviors. 

In this research, to study the model equation of 
the flexible robotic manipulator arm, the design of a 
modern controller to reduce vibration and improve 
performance of a modern controller LQR is to be test-
ed through a simulation tool on a single-link flexible 
manipulator of both composite and conventional ma-
terials. Numerical outputs of hybrid composite and 
aluminium material robotic arms are to be compared, 
correlated, and validated. The MATLAB software tool 
is used for simulation output. The graphs were ob-
tained for analysis. The additional goal is to calculate 
the end effector coordinates of a hybrid composite 
flexible one-link robotic arm and compare it with the 
conventional material. 

2. Materials and Method
The flexible material and its properties are significant 
for robotic link applications. The analysis of mate-
rial suitability for the manipulator’s arm is inevitable 
for replacement giant robotic arms. The reduction of 
weight and mechanical properties are examined for 
robotic link material selection. At present, for robotic 
chasing, a high-density polyethylene (HDPE) material 

is used which is not suitable for high-temperature en-
vironmental conditions and high payload carry tasks. 
The alternate is aluminum: it has light weight and is 
corrosion-resistant. But aluminium creates vibration 
when in operating conditions. Therefore, another 
alternate solution is to introduce new soft materi-
als as a link as they have the benefit of higher speed, 
increased area mobility, more efficiency in terms of 
less energy consumption, and high payload carrying 
capacity. The use of composite material for a robot 
manipulator has good mechanical properties, com-
bining two or more fiber materials. It aims to achieve 
the chosen physical properties, design flexibility, 
ease of fabrication, light weight, corrosion resistance, 
impact-resistance, excellent fatigue strength [8], and 
other desirable characteristics. The applications of 
robot links are a concern; varieties of fiber materials 
are used as links, such as carbon material fiber, boron 
material fiber, ceramic, glass fiber, and aramid fibers. 

The robotic link parameters of aluminiun 6082 
alloy material and composite material are calculated 
and listed in Table1. The composite lightweight ma-
terial is made up of carbon, fiberglass fiber, and Kev-
lar fiber [9].  Using volume and weight ratio relation, 
the weight of material and thickness of composite 
materials are determined. The composite material is 
taken for simulation study and their parameters are 
given in Table 1. Both the materials were considered 
for the same cross-sectional area (A) and length (L) 
for parameter calculation to analyze the behavior of 
the materials. The link has also varied the mass as per 
material density concerned for same length.

Table 1. Materials parameter for aluminium 
and hybrid composite

2.1 Robot Arm Kinematics 
Robotic arm kinematics deals with the analytical 
study of the motion of a robot arm w.r.t a fixed refer-
ence coordinate system as a function of time. With-
out regard to the forces or moments that cause the 
motion. The dynamics robotic arm deals the relation 
between robot arm motion and forces and moments 
acting on the robot. The system has pinned-free flex-
ible link as a two degree of freedom (Dof) model.

2.2 Mathematical Modeling 
The composite material manipulator as well as the  
aluminium 6082 alloy material links are considered 
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as the pinned-free flexible link as a 2Dof model, at-
tached with the circular hub. The circular disc-type 
hub is moulded with the shaft of a rotating actuator. 
The rotating robotic link is a bend in a curved form 
freely in the two-dimensional horizontal plane due to 
flexibility, but rigid in a vertical position and also in 
torsion. The robotic arm length, width, and thickness 
of flexible links are hypothetical to be constant for 
both materials. The density of both the materials is 
varying.  The robotic arm deformation due to shear as 
well as inertia due to revolving of the link is neglected 
as per the TBT theory [10]. The methodology flow 
chart is shown in Fig. 1. The schematic diagram of a 
robotic manipulator arrangement is given in Fig. 2.

Fig. 1. Model and methodology

Fig. 2. Composite material flexible link

The payload is attached at the tip of the robotic 
link and input torque force is given to the rotary hub 
of the link by an actuator. The ‘θ (t)’ is angular dis-
placement and ‘u (x, t)’ is the flexible deflection of the 
link. Finally, the total displacement of link ‘y (x, t)’ is 
calculated. It has two functions: rigid-body rotation ‘θ 
(t)’ and link curved deflection ‘u (x, t)’ given in eq. (1),

( , ) ( , ) ( )y x t u x t x tθ= +  (1)  

2. 3 Dynamic Equations 
To find the equations of motion of link, initially, the 
energies connected with systems are calculated. 
These are kinetic energy (KE), potential energy (PE), 
and dissipated energies [11]. The kinetic energy of 
the rotary hub, flexible arm, and tip-attached payload 
is calculated by considering small curved deflection 
and small angular velocity. The actuator input force τ 
(t) is used to calculate the nonconservative work (W) 
of a system, as         

mW τ θ=  (2)                                                                                                                       

The extended Hamilton’s principle is adopted. In 
this equation, only two modes have been taken for 
modeling by null rotary inertia and null shear defor-
mation (Meirovitch, 1970). [12] To substitute the 
value u (x, t) in equation (1) and after simplifying, 
the motion equation of flexible manipulator with 
corresponding initial and boundary conditions are 
given by, 

( )24

4 2

,( , ) 0
y x ty x tEI

x t
ρ
∂∂

+ =
∂ ∂

 (3)

where (EI) and (ρ) are the rigidity and density of the 
link material. The equation (3) is the “fourth-order 
partial differential equation” (PDE) which gives the 
motion equation of a flexible robotic arm dynamic 
model.

2.4 Shape Function 
The solution of y (x, t) in the dynamic model of an 
equation of motion of manipulator as per of assumed 
mode method is given as,

1
( , ) ( ) ( )

n

i i
i

y x t x q tφ
=

=∑  (4)

where, i = 1, 2, …n, and y (x, t) is the total deflection. 
The displacement ϕ(x) along the length of the robotic 
manipulator is called mode shape or shape function 
and qi(t) is time arbitrary constant. It is derived by 
taking the y (x, t) value from equation (4) and sub-
stituting it in equation (1).  After mathematical ma-
nipulation, it gives two expressions of order, ordinary 
differential equations. The first 4th order equation is 
given as,   

4
4

4

( , ) ( ) 0i
i i

d x t x
dx
φ β φ+ =  (5)

Where 
iβ  is constant. For simplification the follow-

i n g quantities are used in the equations for 
numerical analysis, 

2 23
4 , , , , ,

3 3 3
ph

b c t
b b

M LIL EIL I K K
EI I I L
ρ ρβ λ β ε η = = = = = = 

 
 (6)

where (λ) is system parameter, (Ih) and (Ib) are the 
hub inertia and link inertia of the system. (kc) is joint 
stiffness coefficient, (M) is mass of the manipulator 
link and ‘ε’ is the ratio between the hub and link in-
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ertias which determines the vibration frequencies of 
the manipulator.  The ‘η’ represents the ratio between 
payload inertia and link inertia, which is also indica-
tive of vibration frequencies of the flexible manipula-
tor. The equation (5) is fourth order ODE which has a 
general solution in the form (Ramalingam et al., 2019) 
as given below,

( ) sin sinh
cos cosh

i i i i i

i i i i

x A x B x
C x D x

φ β β
β β

= +
+ +

 (7)

1.5 Natural Frequency
To calculate the natural frequency and mode shape, 
the λi value satisfies the boundary conditions (BC) 
of the undriven flexible link manipulator. The above 
quantities are determined with corresponding coef-
ficient values Ai, Bi, Ci, and Di from equation (7) using 
orthogonality property and boundary conditions of 
the systems. 

1.6 State Space Model
The derived equations of motion based on the La-
grange principle are transformed in a state-space 
form [13-14] and [15] and the output as given in ma-
trix form using state-space model as X AX Bu• = +
and output as y CX= + D. The matrixes A, B, C and D 
are given below as,     

 (8)

 (9)

2.7 Conventional Material: (Aluminium 6082 alloy)
The AL 6082 alloy material is considered as case-1 for 
robotic structural study. It is generally used as a struc-
tural component and the same is used for robotic flex-
ible structure software simulation. 

2.8 System Mode Parameters (λi)
The general system characteristic equation is used to 
find the parameter λi (i = 0 to 4) for 1st mode, 2nd 
mode, and 3rd mode vibration frequencies, damped 
natural frequencies, mode shape constants, mode 
shape, tip position, deflection for conventional mate-
rial aluminium for further analysis. The rigid and flex-
ible joint system mode values λ0 to λ3 and λ4 for the 
payload case and the no-load case is calculated. The 
values are listed in Table 2. It is observed from Table 2 
that the rigid mode is absent for the payload and no-
load case of a flexible system.

Table 2. Rigid and flexible joint system mode values 
Payload case

Table 3. Rigid and flexible joint system mode values 
No-Payload case

2.9 System Frequencies (AL6082 alloy) 
The ‘λi’ values from Table 2 are used to calculate the 
natural frequency and damped natural frequency of 
the aluminium 6082 alloy robotic manipulator sys-
tem. The obtained frequencies are shown in Table 4 
and also noticed from the table that the frequencies 
are increased due to high flexibility in the joint. The 
damped natural frequencies are shown in Table 5. 

Table 4. Flexible joint system frequencies values for Al 
6082 alloys link

Table 5. Flexible joint system damped natural 
frequencies values for Al 6082 alloys link

1.10 Composite Material Parameters
The general characteristic equation of a single-arm 
robotic manipulator system is resolved for (λ). The 
obtained values of (λ) are shown in Table 2, which 
are used for calculating the first mode, second mode, 
third mode, and fourth mode. The frequency and 
damped natural frequencies are determined using 
(λ) values from Table 2. Table 6 and Table 7 show the 
frequencies and damped natural frequencies for a hy-
brid composite material system. 

Table 6. Flexible joint system frequencies for 
composite material link
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Table 7. Flexible joint system damped natural 
frequencies for composite material link

1.11 System mode shape constants
The system mode shape constants are calculated us-
ing (λi) values for rigid, flexible, and high flexibility 
joint manipulators. To find Ai, Bi, Ci from the above 
equation (7) by assuming Di =1, the calculated val-
ues are shown in Table 8. These constants are used 
for both cases of conventional and hybrid composite 
materials.

Table 8. Flexible joint system mode shape constants 
‘λi’ (i = 0 to 4)

3. Result and Discussions
The step input signal is given to the aluminium 6082 
alloy robotic link manipulator and simulation results 
for three cases as rigid joint (kc = 0), flexible joint 
(kc = 1), and more flexible joint (kc = 5) are obtained 
[16]. The output graphs of aluminium alloy 6082 are 
given in Figs. 3–13.

3.1 Graphs and Analysis (Al 6082 alloy)
The amplitudes of varying joint stiffness coefficient 
plots are shown in Figs. 3–6. The amplitudes of the 
highly flexible joint case of the first mode are 0.355m, 
the second mode is 0.495m. The system mode shapes 
are shown in Figs.7–8 and also observed from the 
plots that the node points are increased by increasing 
the mode shapes. Fig. 9 gives the maximum deflection 
of the aluminium link manipulator: the value is 0.456 
m noticed from the plot when the stiffness is constant. 
The tip position of the flexible system measured from 
the initial coordinate of the system is shown in Fig. 11. 
The hub angle rotations of the system are shown in 
Fig. 12. The flexibility shown in Fig. 13.

Fig. 3. First mode for three cases of flexible links

Fig. 4. Second mode for three cases of flexible links

Fig. 5. Third mode for three cases of flexible links

Fig. 6. Fourth mode for three cases of flexible links

Fig. 7. First mode shape for three cases

Fig. 8. Second mode shape for three cases
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Fig. 9. Deflection of three flexible links

Fig. 10. Deflection of three flexible links

Fig. 11. Tip position (initial co-ordinate)

Fig. 12. Angle for three flexible links in radian

Fig. 13. Flexible deflection

3.2 Graphs and analysis for hybrid composite
The step input signal is given to the hybrid composite 
manipulator system and simulation output for three 
cases such as rigid joint (kc = 0), flexible joint, and 
highly flexible joint (kc = 5) are plotted. The output 
graphs are shown in Figs. 14–24. The numerical val-
ues for the composite material flexible links with dif-
ferent joint flexibilities are calculated.     

The amplitude of highly flexible joints for com-
posite material as a case for the first mode is noted 
as 4x10-14 m. The system mode shapes are shown 
in Figs.14–17 and also observed from the plots 
(Figs. 14–17) that the single node point is obtained by 
increasing the mode shapes. 

Figs.18–19 gives the maximum deflection of com-
posite link manipulator, and value is 0.46 m noticed 
from the plot when the stiffness is constant. The posi-
tion of the end link of a system is measured from the 
fixed coordinate as shown in Fig. 22. The hub angle 
rotations of the system are shown in Fig. 23.

Fig. 14. First mode for three cases of flexible links

Fig. 15. Second mode for three cases of flexible link

Fig. 16. Third mode for three cases of flexible link
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Fig. 17. Fourth mode for three cases of flexible link

Fig. 18. First mode shape for three cases

Fig. 19. Second mode shape for three cases

Fig. 20. Deflection of three flexible links

Fig. 21. Deflection of three flexible links

Fig. 22. Tip position (initial co-ordinate) for three 
flexible links

Fig. 23. Angle for three flexible links in rad.

Fig. 24. Tip deflection for three flexible links

3.3 LQR Output Response 
The proposed modern control system is activated and 
simulated through MATLAB, and consists of alumini-
um alloy robotic arm. Outcomes are shown in Fig. 25.

3.3.1 Aluminium 6082 alloy 
The input signal is given to the aluminium alloy 6082 
structural robotic manipulators; the output response 
of the LQR control system [17–18], and [19] are ob-
served. The hub angle and link deflection are not 
smooth at 0.6 sec. and velocity and acceleration also 
vary in the system up to a time period of 0.6 sec.
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Fig. 25. Optimal quadratic regulator (Step response up to 
0.6 seconds)

3.3.2 Composite Material 
The modern controller technique of LQR used in the sys-
tem and unit input torque to the controller. This is ap-
plied and simulation is carried out through appropriate 
software tools [20]. The output plot is shown in Fig. 26. 
The control scheme characteristic performance calcu-
lation of the hybrid composite material is interpolated. 
The hub angle rotation is settled smoothly at 0.4 sec and 
flexible arm deflection is a maximum of 0.15 m observed 
and settled at 0.6 sec. The system hub velocity varies ini-
tially and settles at 0.6 sec. Link velocity of the composite 
material is settled to the setpoint quickly without over-
shoot up to time t = 0.6 sec. This is shown in Fig. 21b. The 
output responses of LQR compared to other controllers 
yields better results in settling time: 0.1sec, steady-state 
error is 0.31% and the maximum overshoot is 5%.

Fig. 26. Optimal quadratic regulator (Step response up to 
0.6seconds)

3.4 Comparative Analysis
The common mathematical equation for flexible robot 
manipulator was derived. This was commonly used for 
conventional material Al6082 alloy and hybrid polymer 
composite flexible link manipulators based on the AM 
method, Hamilton principle, using Lagrange presented.  
In case-1, analysis was conducted for aluminium alloy 

(Al6082) and in case-2 analysis for hybrid polymer com-
posite material was done. By considering these materi-
als, the state space solution was obtained. 

The composite material single link robot manipu-
lator was used for simulation analysis. It was observed 
that the composite material link, soft and lightweight, 
took less power utilization. This was shown in Table 1. 
The dynamic responses of the flexible manipulators, 
such as natural frequencies, damped natural frequen-
cies, are calculated as shown in Table 4 to Table 7 and tip 
deflection for conventional and composite materials has 
been carried out with flexibility conditions. The results 
are shown. 

The vibration analysis of the system through MAT-
LAB simulation has been conducted by using conven-
tional and hybrid composite laminates; system output is 
shown in Table 4 and Table 6. The single-link manipu-
lator under step input torque is simulated. The model 
numerical analysis of the robotic arm is carried out for 
different joint stiffness coefficients. In addition, light-
weight hybrid composite has a quick response while in 
operating conditions. The materials such as aluminum 
and hybrid composite are analyzed.  This analysis shows 
the total displacement history and variation of the hub 
rotation angle of the lightweight hybrid composite ro-
botic link, which is less than that of aluminum materials. 
The hub angle for the composite link flexible robot ma-
nipulator is settled at 0.4 sec. But the 6082-aluminium 
alloy takes a long time to settle: more than 0.6 sec. The 
deflection of a lightweight composite material robotic 
arm is settled without any difficulty at 0.6 sec. But in the 
case of aluminium 6082 alloy there delay in settling. The 
velocity of a deflected link at 1.2 sec is smooth. But in the 
case of aluminium this varies at 0.6 seconds.

3.5 Controller Output Response (Correlation analysis)
The researchers, Hafiz Muhammad Wahaj Aziz, et al. 
[21] investigated different control systems. The output 
values of the first-order controller and a super twisting 
side mode (SMC) controller was listed in Table 9.

Table 9. Output response for first order and super 
twisting SMC

The researchers, Waqar Alam et al., [22] were stud-
ied using the PID controller and the output responses 
controller as shown in Fig. 27. From the figure, it is ob-
served that the system settled at desired output with a 
delay of 0.4363 seconds along with the settling period 
of time 2 sec. 
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Fig. 27. Lightweight robotic arm trajectory tracking 
simulation output

The classic PID and modern controllers such as State 
Feedback and LQR were used in the system by adding 
step input to the controllers, and output responses are 
given in Table 10. From this Table 10, the LQR controller 
yields good results without overshooting. The settling 
time for the system is noted as 0.1sec.

Table 10. Output response of the PID, SFB and LQR

By connecting the earlier author’s work, namely 
Hafiz Muhammad Wahaj Aziz, et al. (2016) and Waqar 
Alam, et al. (2018, results observed from the LQR con-
troller simulation are found to be better. 

4. Conclusion
The LQR control system is implemented to control vibra-
tion for the composite material link and AL6082 alloy 
link and compared. It is observed that the total deflec-
tion of the composite flexible link is reduced by 41%. But 
the oscillatory behavior is amplified to 40% higher than 
the conventional robotic arm. To suppress the vibration 
amplitude, a controller design is a must for composite 
material robotic arms. The arm endpoint elastic deflec-
tion for the hybrid composite material link is achieved 
at 5% less. The simulation output of LQR yields better 
results in settling time: 0.1sec. The steady-state error 
is 0.31% and the maximum overshoot of 5% is deter-
mined. The experimental development for validation of 
the system is in progress.
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